Abstract Effect of local thermal non-equilibrium (LTNE) on onset of Brinkman-Bénard convection and on heat transport is investigated. Rigid-rigid and free-free, isothermal boundaries are considered for investigation. The assumption of LTNE leads to an 'advanced onset' situation compared to that predicted by the local thermal equilibrium (LTE) assumption. This results in the 'enhanced heat transport' situation in the problem. Asymptotic analysis for small and large values of inter-phase heat transfer coefficient is also carried out on critical Rayleigh number, critical wave number and Nusselt number. In respect of boundary influences on onset and heat transport, it is found that classical results hold even under the LTNE assumption. The other parameters' influences on onset and heat transport are qualitatively similar in LTNE and LTE cases. 
Introduction
Liquids have generally been the most commonly used medium of transporting heat away from high-temperature regions. In other words, liquids have been serving as cooling agents.
With the need to store energy came the application of the concept of a liquid-saturated porous medium. The weak thermal conductivity of the material making up the porous medium in comparison with the thermal conductivity of the liquid ensured that the residence time of heat was more. Most earlier studies on free convection of liquids in a porous medium were based on the assumption that there is local thermal equilibrium (LTE) between the occupying liquid and the porous medium. Subsequently, it was realized that it might be wrong to assume equilibrium, and hence, there appeared in the literature works connected with free convection of liquids in a porous medium with local thermal non-equilibrium (LTNE) between the two phases. Typically in a thermal convection problem, the solid phase becomes hot fast and retains heat for a shorter time compared to the liquid phase and hence acts as a heat source in the medium and the liquid turns out to be a heat sink of same strength as the source but obviously with opposite sign. Rayleigh-Bénard convection of liquids in a porous medium is by now a well-investigated problem using either LTE or LTNE assumptions (Lapwood 1948; Straus 1974; Banu and Rees 2002; Nield et al. 2002; Postelnicu and Rees 2003; Rudraiah et al. 2003; Malashetty et al. 2005a, b; Nield and Bejan 2006; Straughan 2006 Straughan , 2010 Straughan , 2015 Postelnicu 2008; Bhadauria and Agarwal 2011; Lee et al. 2011; Saravanan and Sivakumar 2011; Shivakumara et al. 2011a, b; Barletta and Rees 2012; Nield 2012; Celli et al. 2013 Celli et al. , 2017 Dehghan et al. 2014; Nield and Kuznetsov 2014; Barletta et al. 2015; Kaviany 2012; Vafai 2015; Lagziri et al. 2016; Nield et al. 2016 and references therein) . The thermal problems with LTNE effects are little more involved than the ones with LTE effect. What makes the former problem more interesting and challenging is that the heat transport equations of liquid and solid phases have features of both parabolic and hyperbolic equations (Rees et al. 2008 ). Further, a biharmonic term arises in these equations in addition to the harmonic term. Browsing the literature pertaining to LTNE effects on Rayleigh-Bénard convection in liquids occupying porous medium, it becomes amply clear that the following aspects have been considered in the reported problems:
(i) Linear and weakly nonlinear/energy stability of the problem have been studied in both low-porosity and high-porosity media (Banu and Rees 2002; Postelnicu and Rees 2003; Rees and Pop 2005; Malashetty et al. 2005a, b; Malashetty et al. 2005a; Straughan 2006 Straughan , 2010 Straughan , 2015 Postelnicu 2008; Lee et al. 2011; Saravanan and Sivakumar 2011; Shivakumara et al. 2011a, b; Barletta and Rees 2012; Celli et al. 2013) . showed that minimal modes are good enough to study linear and nonlinear stability of Brinkman-Bénard convection in a porous medium with LTNE assumptions. Sunil and Mahajan (2011) considered the effect of rotation and made an energy stability analysis of the problem. (ii) Except for the work of Postelnicu (2008) on Brinkman-Bénard convection, most of the works on this problem consider the rather unrealistic stress-free boundary condition.
The objective of this paper is to consider the following unconsidered aspects of the Brinkman-Bénard convection problem (Rayleigh-Bénard convection in a high-porosity medium): (a) Asymptotic small H and large H analyses of critical wave number and Rayleigh number in the case of rigid-rigid, isothermal boundary. Similar study in free-free boundaries was reported by Postelnicu and Rees (2003) . (b) Asymptotic analysis of Nusselt number in the case of rigid-rigid and free-free, isothermal boundaries. (c) LTNE as a 'heat transport enhancing mechanism.'
Mathematical Formulation
The governing equations for studying steady two-dimensional Brinkman-Bénard convection (see Fig. 1 ) in the case when there is local thermal non-equilibrium between liquid and solid phases are:
The inertial term is neglected in Eq. (2) since we are considering only small-scale convective motions. Non-dimensionalizing Eqs. (1)- (4) using
the dimensionless form of governing equations is
where
At this point, we note that
where Ra D is the Darcy-Rayleigh number. We continue our analysis with Ra l only since sparsely packed porous medium is used and rigid-rigid boundary condition is also being considered. Considering velocity, temperature, density and pressure fields in the quiescent basic state to be:
subject to
we obtain the quiescent state solution for the temperature distributions, subjected to the boundary condition Eq. (13), in the form:
We now superimpose perturbation on the quiescent basic state quantities and so we write:
where the primes indicate a perturbed quantity. Eliminating the pressure term in Eq. (8) and introducing the stream function, , as follows
the dimensionless form of the vorticity and heat transport equations can be obtained in the form
In terms of the Darcy-Rayleigh number, Eq. (18) may be written as:
where V a = Prσ 2 is the Vadasz number.
Marginal Stability: Stationary Convection
Since the linearized version of Eqs. (18)- (20) is self-adjoint, the principle of exchange of stabilities is valid and hence we consider only stationary convection. We consider two boundary conditions in the present study:
i Rigid-rigid, isothermal boundaries, ii Free-free, isothermal boundaries (recap from Postelnicu and Rees 2003) .
Rigid-Rigid, Isothermal Boundaries
The boundary conditions in this case for solving Eqs. (18)-(20) are:
To study the linear stability, we use the linearized version of Eqs. (18)- (20). The principle of exchange of stabilities is valid in the problem as Eqs. (18) 
and μ 1 = 4.73004074 (see Chandrasekhar 1961) Substituting Eq. (23) into the linearized version of Eqs. (18)- (20) and using orthogonal condition with eigenfunctions give us the following system of equations:
For a non-trivial solution of the system of homogeneous equations (25), we require
In Eq. (26), we note that the Rayleigh number is of O(k 4 ) as k → ∞. The critical Rayleigh number, Ra l c , depends on both H and γ , and so we concentrate on Ra l c as a function of H and γ .
Asymptotic Analysis for Small and Large Values of H
For small values of H, the critical Rayleigh number, Ra l c , of LTNE is slightly above the critical value for LTE case, which may be confirmed by minimizing the small H series expansion of Eq. (26) given by
Setting ∂ Ra RR l ∂k = 0, we get the following equation for minimizing Ra RR l :
Similarly, expanding k in terms of H, we get
where k 0 is the critical wave number for the LTE case and is given by the expression:
Substituting Eq. (29) into Eq. (28) and equating the coefficients of like powers of H, we can find the first two corrections to k 0 , namely k 1 and k 2 , as follows:
,
For large values of H, Ra RR l takes the form
Setting ∂ Ra RR l ∂k = 0, we get the following expression:
Similarly expanding k in terms of reciprocals of H, we get
Substituting Eq. (33) into Eq. (32) and equating the coefficients of like powers of H, we can obtain k 0 which is the critical wave number for the LTE case and is given by Eq. (30). The first two corrections to k 0 are given by
and other quantities are as defined earlier.
Free-free, Isothermal Boundaries (Postelnicu and Rees 2003)
The boundary conditions for solving Eqs. (18)- (20) are:
We seek the solutions of Eqs. (18)- (20) in the form
Following the procedure used in Sect. 3.1, we get
The asymptotic analysis for small and large values of H is reported in Postelnicu and Rees (2003) .
Weakly Nonlinear Stability Analysis for Steady and Finite Amplitude Convection

Rigid-Rigid, Isothermal Boundaries
A minimal double Fourier series which describes steady finite amplitude convection in a Newtonian liquid-saturated porous medium is given by
where (18)- (20) and using orthogonalization procedure of the Galerkin technique, the following Lorenz model is obtained:
In "Appendix," the derivation of the Ginzburg-Landau equation from Lorenz model Eq. (39) is presented, using the method of multiscales, leading us to believe that the weakly nonlinear analysis pursued in the paper is a properly defined one. Solving Eq. (39), we get the amplitudes of steady convection as follows
The Nusselt number is defined as N u = Amount of heat transfer by (conduction + convection) Amount of heat transfer by conduction .
Using Fourier law for the conductive and convective fluxes, we may write
where N u l is Nusselt number of the liquid phase, N u s is that of the solid phase, lb = T lb T and sb = T sb T . The weighted average Nusselt number, N u w , for stationary mode of convection, evaluated at lower boundary Z = − 1 2 for a single wavelength, is given by
Substituting Eqs. (14)- (15) and Eq. (38) in Eqs. (43) and (44) and completing the integration, we get
Using Eq. (42) in Eqs. (46) and (47), we get
Substituting Eqs. (48) and (49) in Eq. (45), we get 
where 
Free-Free, Isothermal Boundaries
A minimal double Fourier series which describes steady finite amplitude convection is given by
Following the procedure of Sect. 4.1 and substituting Eq. (53) into Eqs. (18)- (20) , we get Eq. (39) but with certain quantities redefined as follows
Solving Eq. (39) with the above redefined quantities, we get the amplitudes of steady-state convection as follows:
Substituting Eqs. (14)- (15) and (53) in Eqs. (43) and (44) and completing the integration, we get
Following the procedure of Sect. 4.1, we get the liquid, solid and weighted average Nusselt numbers in the form:
N u 
For large values of H, with Ra FF l given by Eq. (37) and k from Postelnicu and Rees (2003) , N u FF w takes the form N u
Results and Discussion
Linear and weakly nonlinear analyses have been carried out for the Brinkman-Bénard problem with LTNE effects. Rigid-rigid and free-free, isothermal boundaries have been considered in the analyses. Equation (23) is not an exact solution of the linearized version of Eqs. (18)- (20), and hence, the critical wave number and Rayleigh number have been obtained by the shooting method to obtain them to an accuracy of 10 −4 . This is documented in Table 1 , which clearly shows that the maximum percentage error in k c and Ra lc between the Galerkin and shooting methods is 0.86 and 1.73%, respectively. These percentage errors are indicated in bold in Table 1 . Linear theory result depicted in Fig. 2 reiterates the validity of the following classical result in the present problem:
In addition to Fig. 2 , we observe the following result:
Before we discuss the results of Fig. 2 further, we need to know that LTNE effect is important when one of the following conditions is true:
One may also conclude that LTNE effect is important when
From the definitions of H and γ , it is quite clear that when φ is close to 1 we have γ H 1 and when φ is close to 0 then H is large.
In Fig. 2 , we also infer that the LTNE effect ceases when γ and/or H is quite large. In other words, when thermal conductivity of solid phase is very small in comparison with that of liquid phase, the medium does not allow the LTNE effect to be important. Table 2 gives us the exact meaning of H → 0 and H → ∞ for large values of γ . For example in the case of free-free boundaries with a value of 10 for γ , we see that H → 0 would mean any value of H equal to or smaller than 0.072 and the same is presented in Fig. 3 . Similarly, H → ∞ would mean any value of H equal to or greater than 279.161, and this is presented in Fig. 4 . In Table 2 , it is evident that the exact meaning of H → 0 and H → ∞ predominantly depends on the values of γ and less predominantly on the type of velocity boundary condition.
On increasing the individual or collective values of , σ 2 and H, the value of critical Rayleigh number increases, and there is thus a delay in the onset of convection which thereby leads to decrease in amount of heat transport, and the same is shown in Figs. 5, 6, 7 and 8. The effect of is more significant than the effect of σ 2 on onset and more pronounced in rigid-rigid, isothermal boundary than in the case of free-free, isothermal boundary. The effect of increasing the value of γ is to advance the onset of convection and thereby increase the amount of heat transport. The effect is more significant for small values of γ , and its effect ceases for large values. This result is to be expected since LTNE effect is important only when γ is small. This is essentially a reiteration of what is conveyed by Eq. (65). From nonlinear theory, we may infer that Figure 9 demonstrates that the amount of heat transport in LTNE case is more than that in the case of LTE. We also recover the Nusselt number of classical LTE case by considering large values of H and by considering the mean properties of liquid and solid phases. In Figs. 5, 6, 7, 8 and 9 , we note that the actual Rayleigh numbers chosen for plotting the graphs are greater than the critical Rayleigh number as it should be for the convective regime. It is to be noted here that the results in the figures concerning weakly nonlinear theory are valid in the region where values of Ra l are close to the onset value Ra lc . Thus, the values of the Nusselt number corresponding to Ra l > 2Ra lc can be inaccurate for both rigid-rigid and free-free boundaries.
The following conclusions are drawn from the present study: The Fredholm solvability condition applied to the third-order system gives us the Ginzburg-Landau equation: 
